We discuss theoretical background and experimental verification of advanced schemes for X-ray FELs using variable gap undulators (harmonic lasing self-seeded FEL, reverse taper etc.) Harmonic lasing in XFELs is an opportunity to extend operating range of existing and planned X-ray FEL user facilities. Contrary to nonlinear harmonic generation, harmonic lasing can provide much more intense, stable, and narrow-band FEL beam which is easier to handle due to the suppressed fundamental. Another interesting application of harmonic lasing is Harmonic Lasing Self-Seeded (HLSS) FEL that allows to improve longitudinal coherence and spectral power of a SASE FEL. Recently this concept was successfully tested at the soft X-ray FEL user facility FLASH in the wavelength range between 4.5 nm and 15 nm. That was also the first experimental demonstration of harmonic lasing in a high-gain FEL and at a short wavelength (before it worked only in infrared FEL oscillators). Another innovative scheme that was tested at FLASH2 is the reverse tapering that can be used to produce circularly polarized radiation from a dedicated afterburner with strongly suppressed linearly polarized radiation from the main undulator. This scheme can also be used for an efficient background-free production of harmonics in an afterburner. Experiments on the frequency doubling that allowed to reach the shortest wavelength at FLASH as well as on post-saturation tapering to produce a record intencity in XUV regime are also discussed.
INTRODUCTION
Successful operation of X-ray free electron lasers (FELs), 1-3 based on self-amplified spontaneous emission (SASE) principle, 4 opens up new horizons for photon science. Different FEL schemes are being developed and used at the X-FEL user facilities to enable the diversity of photon beam properties. Some of those schemes are required special additional installations, integrated into a baseline undulator. There are, however, schemes that make use of gap-tunable undulators of X-ray FELs, i.e. they do not require any modifications of the existing undulator lines.
In this paper we present recent results (obtained in 2016) from the soft X-ray FEL user facility FLASH 1 where we tested different schemes that totally rely on the gap tunability of the new undulator in the second branch of the facility FLASH2. 5 In particular, we report on the first operation of the Harmonic Lasing Self-Seeded (HLSS) FEL 6-8 that allows to improve longitudinal coherence and spectral power of a SASE FEL. We were able to successfully demonstrate the validity of the reverse tapering concept 9 that can be used to produce circularly polarized radiation from a dedicated afterburner with strongly suppressed linearly polarized radiation from the main undulator. This scheme can also be used for an efficient background-free production of harmonics in an afterburner. We performed experiments on frequency doubling [10] [11] [12] [13] [14] and were able to extend the photon energy range of FLASH. We used the well-known concept of post-saturation tapering 15, 16 and reached the record pulse energy of 1 mJ for XUV FELs. 
serve as an input signal for amplification process. Here λ w is the undulator period, γ is relativistic factor, h is harmonic number, and K is the rms undulator parameter:
B rms being the rms undulator field (peak field divided by √ 2 for a planar undulator with the sinusoidal field).
The most attractive feature of the saturated harmonic lasing is that the spectral brightness (or brilliance) of harmonics is comparable to that of the fundamental. 6 Indeed, a good estimate for the saturation efficiency is λ w /(hL sat,h ), where L sat,h is the saturation length of a harmonic (h = 1 for the fundamental). At the same time, the relative rms bandwidth has the same scaling. In other words, reduction of power is compensated by the bandwidth reduction, and the spectral power remains the same. If we consider the lasing at the same wavelength on the fundamental and on a harmonic (with the retuned undulator parameter K), transverse coherence properties are about the same since they are mainly defined by the emittance-to-wavelength ratio. 21, 22 Thus, also the spectral brightness is about the same in both cases.
Although known theoretically for a long time, [17] [18] [19] [20] harmonic lasing in high-gain FELs was never demonstrated experimentally. Moreover, it was never considered for practical applications in X-ray FELs. The situation was changed after publication of ref. 6 where it was concluded that the harmonic lasing in X-ray FELs is much more robust than usually thought, and can be effectively used in the existing and future X-ray FELs. In particular, the European XFEL 23 can greatly outperform the specifications in terms of the highest possible photon energy: it can reach 60-100 keV range for the third harmonic lasing. It was also shown 24 that one can keep sub-Ångström range of operation of the European XFEL after CW upgrade of the accelerator with a reduction of electron energy from 17.5 GeV to 7 GeV. Another application of harmonic lasing is a possible upgrade of FLASH with the aim to increase the photon energy up to 1 keV with the present energy 1.25 GeV of the accelerator. To achieve this goal, one should install a specially designed undulator optimized for the third harmonic lasing as suggested in. 
HARMONIC LASING SELF-SEEDED FEL
A poor longitudinal coherence of SASE FELs 26, 27 stimulated efforts for its improvement. Since an external seeding seems to be difficult to realize in X-ray regime, a so called self-seeding has been proposed. [28] [29] [30] There are alternative approaches for reducing bandwidth and increasing spectral brightness of X-ray FELs without using optical elements. One of them 31, 32 suggests to use chicanes inside the undulator system to increase slippage of the radiation and to establish long-range correlations in the radiation pulse. Another method was proposed in 6 and is based on the combined lasing on a harmonic in the first part of the undulator (with increased undulator parameter K) and on the fundamental in the second part. In this way the second part of the undulator is seeded by a narrow-band signal generated via a harmonic lasing in the first part. This concept was named HLSS FEL (Harmonic Lasing Self-Seeded FEL). 7 Note that a very similar concept was proposed in 33 and was called a purified SASE FEL, or pSASE.
Typically, gap-tunable undulators are planned to be used in X-ray FEL facilities. If maximal undulator parameter K is sufficiently large, the concept of harmonic lasing self-seeded FEL can be applied in such undulators (see Fig. 1 ). An undulator is divided into two parts by setting two different undulator parameters such that the first part is tuned to a h-th sub-harmonic of the second part which is tuned to a wavelength of interest λ 1 . Harmonic lasing occurs in the exponential gain regime in the first part of the undulator, also the fundamental in the first part stays well below saturation. In the second part of the undulator the fundamental is resonant to the wavelength, previously amplified as the harmonic. The amplification process proceeds in the fundamental up to saturation. In this case the bandwidth is defined by the harmonic lasing (i.e. it is reduced by a significant factor depending on harmonic number) but the saturation power is still as high as in the reference case of lasing at the fundamental in the whole undulator, i.e. the spectral brightness increases. The enhancement factor of the coherence length (or, bandwidth reduction factor), that one obtains in HLSS FEL in comparison with a reference case of lasing in SASE FEL mode in the whole undulator, reads:
Here h is harmonic number, L sat,1 is the saturation length in the reference case of the fundamental lasing with the lower K-value, L
w is the length of the first part of the undulator, and L sat,h is the saturation length of harmonic lasing. We notice that it is beneficial to increase the length of the first part of the undulator. Since it must be shorter than the saturation length of the fundamental harmonic in the first section, one can consider delaying the saturation of the fundamental with the help of phase shifters 6, 20 in order to increase L
w . However, for the sake of simplicity, we did not use this option in our experiments.
Despite the bandwidth reduction factor (2) is significantly smaller than that of self-seeding schemes using optical elements, [28] [29] [30] the HLSS FEL scheme is very simple and robust, and it does not require any additional installations, i.e. it can always be used in existing or planned gap-tunable undulators with a sufficiently large K-value.
One more advantage of the HLSS FEL scheme over the SASE FEL (and in many cases over a self-seeded FEL) is the possibility of a more efficient use of a post-saturation taper 15, 16, 34 for an improved conversion of the electron beam power to the FEL radiation power. 7, 35 It is well-known 36 that a seeded (self-seeded) FEL works better in the post-saturation tapering regime than SASE FEL. In the latter case, a poor longitudinal coherence limits the length of the tapered part of the undulator to a length on which a slippage of the radiation with respect to the electron beam is comparable with the FEL coherence length. 58, 59 In a self-seeded FEL the coherence length is much larger and it does not limit the performance of the tapered FEL (unless a sideband instability starts playing a role 15 ). A disadvantage of a self-seeded FEL is that the saturation length is almost doubled with respect to the SASE regime, so that the available length for tapering the undulator may become too short. Considering now the HLSS FEL, we can state that it combines both advantages: coherence length is significantly larger than in the case of the SASE FEL, and the saturation length is shorter than that of the SASE FEL. In other words, there is more undulator length, available for tapering, than in the cases of the self-seeded FEL and SASE, and the longitudinal coherence is good enough to perform efficient tapering over this length. This makes us believe that HLSS FEL will become a standard mode of operation of X-ray FEL facilities.
OPERATION OF HARMONIC LASING SELF-SEEDED FEL AT FLASH
The first soft X-ray FEL user facility FLASH 1, 39 was upgraded to split the electron pulse trains between the two undulator lines so that the accelerator with maximum energy of 1.25 GeV now drives both lines. In a new separate tunnel, a second undulator line, called FLASH2, with a variable-gap undulator was installed, while a new experimental hall has space for up to six experimental stations. 5 The gap-tunable undulator of FLASH2 Figure 2 . Scan of the resonance wavelength of the first part of the undulator consisting of one undulator section (red), two sections (green), and three sections (blue). Pulse energy is measured after the second part of the undulator tuned to 7 nm.
consists of twelve 2.5 m long sections with the undulator period of 3.14 cm and the maximum rms K-value about 1.9. This makes it possible to study the HLSS FEL scheme with the 3rd harmonic seeding.
On May 1, 2016 we were able to successfully perform the first test of HLSS FEL at FLASH2. Electron energy was 948 MeV, charge 0.4 nC. Initially we tuned 10 undulator sections to a standard SASE, operating in the exponential gain regime at the wavelength of 7 nm (rms K parameter was 0.73); the pulse energy was 12 μJ. Then we detuned the first section, tuned it to the third subharmonic (rms K was 1.9) and scanned it around 21 nm. We repeated the measurements with the first two sections, and then with the first three sections. Note that the fundamental at 21 nm was also in the exponential gain regime, pulse energy after three undulator sections was 40 nJ, i.e. it was far away from saturation (which was achieved at the 200 μJ level). This means, in particular, that the nonlinear harmonic generation in the first part of the undulator is excluded.
One can see from Fig. 2 that the effect is essentially resonant. For example, in the case when three undulator sections were scanned, the ratio of pulse energies at the optimal tune, 21.1 nm, and at the tune of 20 nm is 51 μJ/0.3 μJ = 170. This ratio is likely underestimated because the background radiation at the fundamental at 20 nm (even being much weaker, about 40 nJ) is more efficiently detected by the microchannel plate (MCP) based detector 40, 41 used in this measurement. Note that the MCP detector has a very large dynamical range and a high signal-to-noise ratio. This detector has no absolute calibration, therefore in our experiments we used gas monitor detector (GMD) 42, 43 to absolutely calibrate the MCP detector at the level of 10 μJ.
We claim that there can be only one explanation of the effect that we observe in Fig. 2 : FEL gain at 7 nm is strongly reduced as soon as the first part of the undulator is detuned, and then the gain is recovered (and becomes even larger) due to the 3rd harmonic lasing in the first part as soon as the resonant wavelength is 21 nm.
We should stress that the pulse energy with three retuned undulator sections (51 μJ) is significantly larger than that in the homogeneous undulator tuned to 7 nm (it was 12 μJ). This is because the gain length of harmonic lasing is shorter than that of the fundamental tuned to the same wavelength. In the next runs in 2016 at different wavelengths (between 4.5 nm and 15 nm) we were able to demonstrate an improvement of the longitudinal coherence in HLSS regime with respect to SASE case as well as a better performance in the post-saturation taper regime. In particular, the latter result is illustrated in Fig. 3 . We can, therefore, forecast that HLSS may become a standard mode of operation of the X-ray FEL user facilities with gap-tunable undulators, providing an improvement of the longitudinal coherence, a reduction of the saturation length and a possibility of a more efficient post-saturation tapering.
It is also important to note that the first evidence of harmonic lasing in a high-gain FEL and at a short wavelength (down to 4.5 nm) paves the way for a variety of applications of this effect in X-ray FEL facilities. 6, 7, 24, 25 
REVERSE UNDULATOR TAPER
Baseline design of a typical X-ray FEL undulator assumes a planar configuration which results in a linear polarization of the FEL radiation. However, many experiments at X-ray FEL user facilities would profit from using a circularly polarized radiation. There are different ideas [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] for possible upgrades of the existing (or planned) planar undulator beamlines.
As a cheap upgrade one can consider an installation of a short helical afterburner as it was done at LCLS where a so called DELTA undulator was installed behind the main undulator. 55 However, to obtain high degree of circular polarization one needs to suppress powerful linearly polarized radiation from the main undulator. A method for suppression of the linearly polarized background from the main undulator was proposed in:
56 an application of the reverse undulator taper. It was shown that in some range of the taper strength the bunching factor at saturation is practically the same as in the reference case of the non-tapered undulator, the saturation length increases moderately while the saturation power is suppressed by orders of magnitude. Therefore, the proposed scheme is conceptually very simple (see Fig. 4 ): in a tapered main (planar) undulator the saturation is achieved with a strong microbunching and a suppressed radiation power, then the modulated beam radiates at full power in a helical afterburner, tuned to the resonance. This method (in combination with the spatial reverse-tapered planar undulator helical afterburner separation) was used at LCLS to obtain a high degree of circular polarization 55 and is routinely used now in user operation.
The afterburner can also be tuned to a harmonic of the main undulator. In this case a powerful backgroundfree generation of this harmonic can be expected. Indeed, the modulated electron beam at saturation contains harmonics of density, and the energy modulation is small. Therefore, as it was already mentioned, these density harmonics exist longer in the radiator (planar or helical), and a significant intensity can be produced at a selected harmonic. At the same time, the radiation at the fundamental and at harmonics of the main undulator is strongly suppressed (a suppression is much stronger for harmonics than for the fundamental), i.e. the background is small. In particular, if a helical afterburner is tuned to the second or the third harmonic of the main undulator, a high degree of circular polarization should be expected. Let us note that the method of harmonics production can be used for SASE FELs as well as for seeded (self-seeded) FELs.
REVERSE TAPER EXPERIMENTS AT FLASH
In the experiment on January 23, 2016 we used the first ten undulator sections as a main undulator with reverse tapering, and the last two sections played the role of the afterburner, i.e. they could be tuned to a resonance with the incoming microbunched beam. In what follows we will simply call them afterburner even though they are not a dedicated device. The electron energy during the measurements was 715 MeV, and the FEL wavelength was 17 nm. The rms value of K in the first section was 1.06 (corresponding to the undulator gap of 14.5 mm), and the depth of reverse taper over 10 undulator sections was 10 % (note that the step-tapering was used, i.e. the parameter K was constant inside each section). The bunch charge was 0.3 nC, and the other parameters of electron beam (peak current, emittance etc.) were not measured due to a parallel operation with the other undulator line, FLASH1. For this reason we present here only experimental results without a comparison with simulations.
In Fig. 5 the gap scan of the two last undulator sections (afterburner) is shown. When the undulators are completely open, the pulse energy (measured with gas monitor detector and with MCP detector) is slightly below 1 microjoule. When they are tuned to the resonance with the incoming microbunched beam, the pulse energy becomes 200 μJ (to be compared with 260 μJ in an untapered undulator with 12 undulator sections).
We also measured the FEL gain curve in this configuration, it is shown in Fig. 6 . One can see again that the high contrast (in excess of 200) between the radiation intensity from the afterburner and from the reverse-tapered undulator is measured. The gain curve in Fig. 6 looks similar to that simulated in 56 for the European XFEL.
We repeated the reverse taper experiment at the same wavelength but at a higher electron energy (930 MeV) on March 12, 2016. Rms undulator parameter was 1.6, and the ten undulator sections were reverse-tapered by 5 %. In this case the pulse energy was 0.25 μJ, while after tuning the 11th and the 12th sections to the resonance it reached 60 μJ, i.e. the contrast above 200 was demonstrated again. We were also able to observe the generation of the second harmonic from the afterburner.
57
Another experiment was performed on October 10, 2016 with the aim to demonstrate an efficient generation of the 2nd and the 3rd harmonics in the afterburner. The electron energy was 852 MeV, the charge was 0.3 nC, and the wavelength for the untapered case was set to 25.5 nm with the rms K parameter of 1.9. The first nine undulator sections were then 5% reverse-tapered, and the following two sections played the role of the afterburner. When the afterburner sections were completely opened, the background from the reverse-tapered main undulator was measured at the level of 0.9 μJ. When we tuned the afterburner sections to 26.2 nm, the pulse energy was 132 μJ, i.e. the contrast above 100 was measured. Then we tuned the afterburner to the second and the third harmonics of the main undulator and did the wavelength scan (or, K-scan) of the undulator around the corresponding resonances. The results are presented in Fig 7. where one can see that the pulse energy reached 41 μJ when the afterburner was tuned to 13.2 nm, and 10 μJ for the 8.8 nm tune. Note that in the latter case the rms K-value was 0.75 only, i.e. one could have expected a better result if a dedicated optimized afterburner with a shorter period and a larger K-value had been used. We should also underline the fact that a small background on the fundamental at the detectors (and, in the future, at a user experiment) from the reverse-tapered main undulator can be further reduced by using small apertures since the fundamental has a larger divergence. Thus, we have demonstrated that the reverse tapering in the main undulator can be used for an efficient, background-free generation of harmonics in the afterburner.
FREQUENCY DOUBLER
The concept of frequency multiplication in high-gain FELs 10-14 relies on formation of nonlinear density modulation (containing higher harmonics) in the first part of the undulator. The second part is tuned to a harmonic of the first one, and the amplification process there starts from existing density modulation. In the following we will consider the case when the second part is tuned to the second harmonic, i.e. we will discuss a frequency doubler.
Realization of the frequency doubler scheme with tunable gap undulator is conceptually simple. The first part of the undulator is tuned to frequency ω 1 . Amplification process develops up to the onset of saturation regime when visible beam modulation at the fundamental and higher harmonics occurs, but the radiation power does not reach saturation and the electron beam is not yet spoiled by strong energy modulations at the fundamental. Then electron beam enters the second part of the undulator tuned to frequency ω 2 = 2ω 1 , and beam modulations at the 2nd harmonic initiate the amplification process.
FREQUENCY DOUBLER OPERATION AT FLASH
Extension of the operating range of FLASH into the "water window" (i.e. the range between the K-absorption edges of carbon and oxygen at 4.38nm and 2.34 nm) is highly desirable for user community. With maximum electron energy of 1.25 GeV it is possible to operate both beamlines, FLASH and FLASH2 only a bit below carbon K-edge. Higher order odd harmonics cover the water window, but with low intensities contaminated by a strong background from the fundamental. With tunable gap undulator of FLASH2 it is possible to realize a two- undulator, second harmonic generation scheme allowing operation at shorter wavelengths. Frequency doubler is also an attractive mode of operation allowing to generate two colors simultaneously.
Operation of frequency doubler has been successfully demonstrated during several test runs at FLASH2 in 2016. Figure 8 shows the gain curve of frequency doubler 8 nm and 4 nm. First five undulator sections were tuned to 8 nm, and the last seven sections were tuned to 4 nm. Red and blue curves show radiation pulse energies at 8 nm and 4 nm. Amplification process in the second part (frequency doubler) exhibits resonance behavior on the frequency tuning (right plot in Fig. 8 ). Even harmonics of the radiation are strongly suppressed in the planar undulator, thus we get confirmation that the beam bunching at the second harmonic seeds the amplification process of the frequency doubling sections. With fixed electron energy, shortening of the radiation wavelength is achieved by opening the undulator gap. Undulator field is reduced, the FEL gain falls down, and starting from some wavelength the undulator length is not sufficient to reach saturation regime in the uniform undulator. Frequency doubler scheme is capable to generate shorter wavelength radiation than standard SASE FEL. Indeed, the first part of the undulator operates at twice longer wavelength, and saturation is obtained at a half of the full undulator length. Induced beam bunching at the second harmonic is much larger than the shot noise in the electron beam, and it becomes possible to reach saturation on much shorter length of the doubling section. For fair comparison of two options (SASE and frequency doubler) we performed two dedicated runs at FLASH2 operating with electron energies close to the limit. First, standard SASE mode has been optimally tuned at full undulator length, and radiation pulse energy scanned versus radiation wavelength. Then frequency doubler scheme has been tuned optimally with the same electron beam, and the pulse energy scanned. Results of pulse energy measurements are compiled in Fig. 9 . We see that visibly shorter wavelengths were reached with the frequency doubler. In particular, photon energies above Nitrogen K-edge have been demonstrated which significantly exceeds original specifications of FLASH2.
POST-SATURATION TAPER
One more attractive feature of FLASH2 operation is an increase of the pulse energy by means of undulator tapering. 15, 16, 34 Relevant theory and experimental techniques have been developed. 16, 58, 59 Optimum conditions of the undulator tapering assume the starting point to be by two field gain lengths before the saturation point (corresponding to the maximum brilliance of the SASE FEL radiation). Saturation point on the gain curve is defined by the condition for fluctuations to fall down by a factor of 3 with respect to their maximum value in the end of exponential regime. Then quadratic law of tapering is applied (optimal for moderate increase of the extraction efficiency at the initial stage of tapering. 16 This experimental technique successfully worked at FLASH2 as illustrated in Fig. 10 . Saturation occurs at the undulator length of 20 meters, and saturation energy is about 150 μJ. Optimized tapering increases the pulse energy by a factor of 6, up to 1 mJ. Untapered undulator delivers only 610 μJ at full undulator length of 40 meters. Thus, tapering of the FLASH2 undulator demonstrates great benefit in the increase of the radiation pulse energy.
